Introduction
Phase behavior of colloidal systems can be altered substantially in geometrically restricted environments [1] [2] [3] . Well-known examples are the crossover from normal diffusion to single-file diffusion [4] [5] [6] [7] , the replacement of true phase transitions by the continuous structural changes [8] [9] [10] [11] and the confinement induced inhomogeneous density distributions, layering and depletion attractions [12] . Further curiosities are the wall induced helical arrangement of spherical particles in cylindrical pore [13] [14] [15] and the density anomaly taking place with cooling down in cylindrically confined fluids [16] .
Theoretical study of quasi-one-dimensional fluids is still fascinating topic. The reason for this is that we can gain information about freezing and glass transition properties of twoand three-dimensional fluids with less computational efforts [17] . In addition to this, the effect of cylindrical and slit-like confinements can be studied on structural and dynamical properties of confined colloidal systems. Two types of models are common in the literature: the particles are allowed to move freely along a longitudinal direction in both models (the system is bulk in one direction), but either a periodic boundary condition or a geometrical confinement is used in the transversal direction. The first model is devised to study the bulk properties, while the second one is for understanding the effect of confinement. The spherical and the polyhedral geometrical shapes are the most common representations of the particles in the theoretical studies due the sudden development of colloidal science in synthesis of colloids with these shapes [18] [19] [20] [21] .
Theoretical development in the description of quasi-one-dimensional fluids dates back to the exact equation of states of one-dimensional hards rods due to Tonks [22] . Later, an eigenvalue equation was derived for quasi-one-dimensional systems where not only nearest neighbor interactions are present [23] . Percus and Zhang developed a similar formalism for quasi-one-dimensional hard square fluid, where the particles can pass each other, i.e. first and second neighbor interactions are present [24] . Kofke and Post presented an alternative way to obtain Barker's eigenvalue equation, where hard particles interact only with their nearest neighbors [25] . This method was the so-called transfer matrix method of continuum systems, which was devised earlier for one-dimensional fluid of anisotropic particles with continuous positional and rotational freedom (1D rotor) [26] . The density dependence of the longitudinal and transversal pressure was possible to examine in several systems such as the confined hard spheres and hard disks due to the transfer matrix method and virial expansion [27] [28] [29] [30] [31] . Recently the transfer matrix method has been proved successful to determine the positional correlation length [32] , pair correlation function [33] and structure factor [34] . It also serves information about the dynamics, possible glassy states and jamming behavior of confined hard disks [34] . In a series of papers, Bowles et al. have managed to prove that a fragile-strong fluid structural rearrangement takes place in the system of confined hard disks, which is located at the maximum of isobaric heat capacity [35] [36] [37] [38] . It has been shown very recently by Godfrey and Moore [39] that the positional correlation length is practically the spacing between the neighboring defects, which are responsible for the presence of jammed states. They have also managed to extend the transfer matrix method for slightly wider pores and examine the glassy behavior of hard disks, where both first and second neighbor interactions are present, but the disks cannot pass each other [40] .
In this work we extend the transfer matrix formalism of nearest neighbor interacting single-file hard body fluids [25] for those cases when second neighbor interactions are present and the single-file condition violates. These conditions are accompanied by the fact that the particles can pass each other in the confined geometry. We apply the theory for parallel hard squares which are confined between two parallel hard walls. We show that the violation of the single-file condition dramatically alters the phase behavior of the hard squares. For example, and discussed at two pore widths in Sec. III. The paper concludes with some remarks in Sec.
IV.
Transfer matrix method for first and second neighbor interacting systems
We consider the system of two-dimensional hard core particles confined between two parallel walls. The geometrical confinement allows the particles to pass each other, but the particles can interact with only first and second neighbors, which will be discussed later. The pair interaction between two particles i and j is purely hard, i.e.
and the hard repulsive wall-particle interaction restricts the transverse position of the particles to be in a well-defined interval. We use an effective pore width (W) which restricts the transverse position of the particle's centre to be between -W/2 and W/2, but the particles can be anywhere along the longitudinal direction. Note that W cannot be too large to fulfill the 6 first and second neighbor interaction condition. At this stage we develop a general theory by not specifying the shape of the particles. This means that our theory can be applied for multifaceted and circular shapes, but the accessible range of W is changing from shape to shape and the condition for mutual passage cannot be held. For example the violation of single-file condition in confined hard disks is accompanied by the presence of third neighbor interactions.
The most convenient statistical ensemble for continuum confined hard body systems is the isobaric one, where we fix the longitudinal one-dimensional pressure (P) and the pore width (W), while the length of the system (L) is allowed to fluctuate along the longitudinal direction. In this ensemble the configurational part of the isobaric partition function of any system can be written as [41] ∫ ∫
where N is the number of particles,
r r is abbreviation for the tranverse and longitudinal positions of particle i, L is the longitudinal length of the system and tot u is the total pair potential (sum of the pair potentials). To evaluate the isobaric partition function we introduce new variables and group the neighboring particles together such that N/2 pairs (dimers) constitute the whole system. One pair consists of two longitudinally neighboring particles, which is not same with a pair with shortest distance. Fig. 1 shows the pairing of the particles. One can see that x i denotes the longitudinal distance between the particles of dimer i, while y i,1 and y i,2 are the transverse positions of the particle 1 and 2 of the dimer i. We also use X i,i+1 , which is the longitudinal distance between the centres of neighboring dimers i and i+1. In the followings we use the periodic boundary condition in longitudinal direction in a sense that the particle labelled by N+1 is identical with the first particle. Keeping in mind that only first and second neighbor interactions are taking place, i.e. 
( ) ∑
This expression can be rewritten into a more compact form: 
where k ψ is the eigenfunction of the operator for a pair and k is integer (k=0,1,2,3...). The physically meaningful solution of Eq. (6) 
where y and y' are the transversal positions of the neighboring particles and x is the distance between them. Note that ( ) Now we consider the system of parallel hard squares with side length σ in a narrow pore, where only first and second neighbor interactions are allowed (see Fig. 2 ). This criterion is satisfied if the pore width is not larger than 3σ, i.e. where ( ) However, we must mention that the energy route is less sensitive to applied grid size than the average distance one. Finally note that Eq. (9) 
Results and discussion
The hard squares form a single-file and only nearest neighbor interactions occur for σ < W . In this case the thermodynamic and structural properties of hard squares are identical with those of Tonks gas of one-dimensional hard rods [22] . In the case of σ σ We have observed two different structures: one is fluid-like, while the other is solidlike. In the fluid-like structure only short ranged positional order takes place, where the particles like to stay in the vicinity of the wall to maximize the available free area for the rest of the particles (upper panel of Fig. 2 ). In the case of solid-like order two fluid layers form, one is located at the lower wall, while the other is at the upper one. These two fluid layers become longitudinally correlated with increasing pressure in such a way that rectangular lattice structure develops (lower panel of Fig. 2.) . Phase transitions do not occur in our systems.
To understand the continuous structural change happening with the increasing density in our system we determine the equation of state, the longitudinal and transversal positional distribution functions and the mole fractions of the squares disrupting the two-fluid-layer structure (defect's mole fraction). The longitudinal distribution function of a square around its nearest neighbor can be determined from the eigenfunction as follows
The wall-to-wall transversal distribution function of the squares can be obtained similarly
To examine how the structure transforms from fluid-like order to solid one we measure the fraction of the defect particles (squares) staying between σ Hard squares behave slightly differently in the wider pore (
) as can be seen from the equation of state (Fig. 3b) . No change can be seen in the shape of the curve and there is no sign of the formation of single fluid layer. The two equations of state (Tonks and the present one) meet practically only in the ideal gas limit. This can be attributed to the fact that the particles can pass each other easily and clusters with one layer cannot form along the pore.
In practice the occupation of the pore with two fluid layers starts at very low density and no structural change occurs with increasing density. This is confirmed by the inset of Fig. 4 , where one can see that the fraction of squares (dimers) in the central part of the pore is very low even in the ideal gas limit. One can gain some insight into the high-density structure by looking at the horizontal and transversal distribution functions shown in Fig. 5b . 
Conclusions
We have extended the transfer matrix method of quasi-one-dimensional fluids for wider pores where the particles can pass each other and at most two layers can form. We have The main advantage of our method is that it can be applied for both two-and threedimensional confined particles with arbitrary particle shape [42] . However the accessible range of the pore width depends strongly on the shape of the confinement and the pair interaction between the particles. The hard confinement can be replaced with periodic boundary condition, too, to mimic the phase behavior of 2D and 3D bulk systems. Percus and Zhang have performed preliminary calculations for hard squares with periodic boundary condition using the transfer matrix method [24] , but the comparison with other theories such the fundamental measure theory [43, 44] and simulations [45] is still missing. It would be also interesting to compare the crystallization of hard disks with that of hard squares in narrow pores to understand the role of defect particles in the stabilization of the close packing zigzag structure of hard disks and the rectangular structure of hard squares. In hard disk systems the defect particles give rise to jammed states and glassy behavior, while the defects of rectangular structure in the system of hard squares do not slow down the dynamics. To see the structural and dynamical changes more clearly between these two models, it is possible to crossover from square shape to disks one by multi-faceting the squares. In this regard the bulk properties of hard polyhedral particles confined to flat interface has just been examined recently [46] .
We believe that the transfer matrix method can be extended for even wider pores with present day computational facilities, too, and shed light on the glassy and crystallization properties of both bulk and confined systems. The distance between the confining hard walls is σ+W, where W is the effective pore width and σ is the side length of the hard squares. 
